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1. Introduction
The properties of irreducible polynomials over ﬁnite ﬁelds have proved to be of great theoretical
and practical interest. Such properties, that have been investigated, include primitivity, normality,
having certain coeﬃcients ﬁxed to given values and combinations of those properties. For a survey of
results in this line of research, we refer to [4] and the references therein.
Hansen and Mullen [10] conjectured that there exists an irreducible polynomial over Fq with an
arbitary coeﬃcient prescribed, with a couple of obvious exceptions.
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T. Garefalakis, G. Kapetanakis / Finite Fields and Their Applications 18 (2012) 832–841 833Conjecture 1.1 (Hansen–Mullen). Let a ∈ Fq, let n  2 and ﬁx 0  j < n. Then there exists an irreducible
polynomial P (X) = Xn +∑n−1k=0 Pk Xk over Fq with a j = a except when j = a = 0 or q even, n = 2, j = 1, and
a = 0.
By considering primitive polynomials with given trace, Cohen [2] proves that the conjecture is
true for j = n − 1. Hansen and Mullen proved their conjecture for j = 1. Wan [17] proved that the
conjecture holds for q > 19 or n  36, and Ham and Mullen [9] proved the remaining cases with
the help of computers. Those cases have also been settled theoretically by Cohen and Prešern [5,6].
Several extensions of this result have been shown [7,8,15].
Given a polynomial Q ∈ Fq[X], its reciprocal Q R is deﬁned as Q R(X) = Xdeg(Q )Q (1/X). One class
of polynomials that has been investigated [1,3,8,13,14] is that of self-reciprocal irreducible polynomials,
that is, irreducible polynomials that satisfy Q R(X) = Q (X). Besides the theoretical interest in their
existence and density, self-reciprocal irreducible polynomials have been useful in application, and in
particular in the construction of error-correcting codes [11,12].
It is natural to expect that self-reciprocal monic irreducible polynomials over ﬁnite ﬁelds, with
some coeﬃcient ﬁxed, exist. In this work we restrict ourselves to the case where q is odd and prove
that there exists a self-reciprocal irreducible monic polynomial over Fq , of degree n with its k-th
coeﬃcient prescribed, provided that
q
n−k−1
2  16
5
k(k + 5) + 1
2
.
The proof of the main theorem is based on an estimate of a weighted sum, which is very similar
to the one that Wan considers [17]. Our main tools are Weil’s bound for character sums, Carlitz’s [1]
characterization of self-reciprocal irreducible monic polynomials over Fq and a character sum estimate
proved in [8].
2. Preliminaries
Let q be a power of an odd prime and let Fq be the ﬁnite ﬁeld with q elements. We denote by In
the set of monic irreducible polynomials of degree n and by Jn the set of irreducible polynomials of
degree n and constant term h0 equal to 1. Further, we set Gk = {h ∈ Fq[X]: deg(h) k and h0 = 1}.
It is well known, see [1], that if Q is a self-reciprocal monic irreducible polynomial over Fq , then
deg(Q ) is even and Q (X) = Xn P (X + X−1) for some P ∈ In such that ψ(P ) = −1, where ψ(P ) =
(P |X2 − 4), the Jacobi symbol of P modulo X2 − 4. Conversely, if P ∈ In , with ψ(P ) = −1, and Q =
Xn P (X + X−1), then Q is a self-reciprocal monic irreducible.
We denote P =∑ni=0 Pi Xi and Q =∑2ni=0 Q i Xi , and we compute
Q (X) = Xn P(X + X−1)= n∑
i=0
Pi X
n−i(X2 + 1)i
=
n∑
i=0
Pi X
n−i
(
i∑
j=0
(
i
j
)
X2 j
)
=
n∑
i=0
i∑
j=0
(
i
j
)
Pi X
n−i+2 j.
Since Q is monic and self-reciprocal, Q 0 = 1 and Q 2n−i = Q i , so we may restrict ourselves to 1 
k n. The last equation implies that
Qk =
∑
0 jin
n−i+2 j=k
(
i
j
)
Pi =
∑
n−kin
k−n+i∈2Z
(
i
k−n+i
2
)
Pi,
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Qk =
∑
0 jk
k− j∈2Z
(
n − j
k− j
2
)
Pn− j .
The coeﬃcient Qk is expressed in terms of the coeﬃcients of the k largest degree terms of P . In order
to express Qk in terms of the coeﬃcients of low degree terms of a polynomial related to P , we deﬁne
the polynomial Pˆ as follows.
Deﬁnition 2.1. Let g ∈ Fq[X], deg(g) = n. We deﬁne gˆ = Xng( 4X ).
The following lemma summarizes the properties of the transformation.
Lemma 2.2. Let P ∈ Jn, n 2. Then Pˆ ∈ In, Pˆ i = 4n−i Pn−i . Further, ψ(P ) = −εψ( Pˆ ), where
ε :=
{−1, if q ≡ 1 (mod 4) or n is even,
1, otherwise.
Proof. Since P is irreducible of degree n  2, we see that Pˆ is of degree n. The irreducibility of
Pˆ follows from the fact that if θ is a root of P , then 4/θ is a root of Pˆ , and Fq(θ) = Fq(4/θ). The
statement regarding the coeﬃcients of Pˆ is easily veriﬁed and the one regarding ψ( Pˆ ) is proven in [8,
Lemma 2]. 
Let a ∈ Fq and suppose that there exists an irreducible polynomial P ∈ Jn , such that ψ(P ) = ε
and
∑
0 jk,k− j∈2Z
(n− j
k− j
2
)
4 j P j = a. Then Lemma 2.2 implies that Pˆ ∈ In and ψ( Pˆ ) = −1. If we let
Q = Xn Pˆ (X + X−1), we have
Qk =
∑
0 jk
k− j∈2Z
(
n − j
k− j
2
)
Pˆn− j =
∑
0 jk
k− j∈2Z
(
n − j
k− j
2
)
4 j P j = a.
For convenience, we deﬁne
δ j =
{(n− j
k− j
2
)
4 j, if k − j ≡ 0 (mod 2),
0, if k − j ≡ 1 (mod 2).
We note that δk = 4k = 0. If we let P ≡ h (mod Xk+1), for a polynomial h of degree at most k− 1, the
condition
∑
0 jk,k− j∈2Z
(n− j
k− j
2
)
4 j P j = a becomes
k∑
j=0
δ jh j = a.
This leads us to deﬁne the following map.
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τn,k :Gk → Fq,
h →
k∑
j=0
δ jh j.
Our observations are summarized in the following proposition.
Proposition 2.4. Let n,k ∈ N, n  2, 1 k  n, and a ∈ Fq. Suppose that there exists an irreducible polyno-
mial P ∈ Jn, such that ψ(P ) = ε and P ≡ h (mod Xk+1) for some h ∈Gk with τn,k(h) = a. Then there exists
a self-reciprocal monic irreducible polynomial Q , of degree 2n, with Qk = a.
In the proceeding sections we will need to correlate the inverse image of τn,k with Gk−1. This is
achieved in the proposition below.
Proposition 2.5. Let a ∈ Fq, n,k ∈N, n 2 and 1 k n. Let f =∑ki=0 f i X i ∈ Fq[X], with f0 = 1 and fi =
δk−iδ−1k , 1 i  k − 1, and fk = δ−1k (δ0 − a). Then the map σn,k,a : τ−1n,k (a) → Gk−1 deﬁned by σn,k,a(h) =
hf (mod Xk+1) is a bijection.
Proof. We start by showing that the map is well-deﬁned. The polynomial σn,k,a(h), by its deﬁnition,
is of degree at most k and has constant term equal to 1. The coeﬃcient of Xk of σn,k,a(h) is hk + fk +∑k−1
j=1 h j fk− j . Noting that τn,k(h) = a, we compute
fk + hk +
k−1∑
j=1
h j fk− j = −aδ−1k + δ0δ−1k + hkδkδ−1k +
k−1∑
j=1
h jδ jδ
−1
k
= −aδ−1k + δ−1k
(
k∑
j=0
h jδ j
)
= −aδ−1k + δ−1k τn,k(h) = 0.
This shows that deg(σn,k,a(h)) k − 1, and the map is well-deﬁned.
To see that the map is one-to-one, consider h1,h2 ∈ τ−1n,k (a) such that σn,k,a(h1) = σn,k,a(h2). This
implies that
h1 f ≡ h2 f (mod Xk+1).
Since f is invertible modulo Xk+1, we obtain h1 ≡ h2 (mod Xk+1), which implies h1 = h2 since
deg(h1),deg(h2) k.
It is trivial that #Gk−1 = qk−1. The proof will be complete once we show that #τ−1n,k (a) = qk−1.
It is clear that τn,k is linear and surjective, therefore, the dimension of its kernel is equal to k − 1.
It follows that the kernel, and therefore the ﬁbers of τn,k , have cardinality qk−1. 
Remark. We easily check that in the above proof we could substitute τn,k with an arbitary Fq-linear
τ :Gk → Fq , such that τ (Xk) = 0, since this is the only property of τn,k we actually used.
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Let M ∈ Fq[X] be a polynomial of degree at least 1 and suppose χ is a non-trivial Dirichlet char-
acter modulo M . The Dirichlet L-function associated with χ is deﬁned to be
L(s,χ) =
∑
F
χ(F )
|F |s , Re(s) > 1,
where |F | = qdeg(F ) and the sum is over monic polynomials in Fq[X]. Making the substitution u = q−s ,
we have
L(s,χ) = L(u,χ) =
∞∑
n=0
( ∑
deg(F )=n
χ(F )
)
un.
It turns out that L(u,χ) is a polynomial in u of degree at most deg(M) − 1. Further, L(u,χ) has an
Euler product,
L(u,χ) =
∞∏
d=1
∏
deg(P )=d
(
1− χ(P )ud)−1.
Taking the logarithmic derivative of L(u,χ) and multiplying by u, we obtain a series
∑∞
n=1 cn(χ)un ,
with
cn(χ) =
∑
d|n
n
d
∑
deg(P )=n/d
χ(P )d,
where the inner sum runs over monic irreducible polynomials of degree d, i.e., over the set Id . Weil’s
theorem of the Riemann hypothesis for function ﬁelds implies (see [17] and the references therein)
the following theorem.
Theorem 3.1. Let χ be a Dirichlet character modulo M. Then:
1. If χ = χo , then ∣∣cn(χ)∣∣ (deg(M) − 1)q n2 .
2. If χ = χo and χ(F∗q) = 1, then ∣∣1+ cn(χ)∣∣ (deg(M) − 2)q n2 .
For a detailed account of the above well-known facts, see [16, Chapter 4]. We will also need the
following result of [8].
Theorem 3.2. Let χ be a non-trivial Dirichlet character modulo Xk+1 . Then the following bounds hold:
1. For every n ∈N, n 2, ∣∣∣∣ ∑
P∈In
ψ(P )=−1
χ(P )
∣∣∣∣ k + 5n q n2 .
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∣∣∣∣ ∑
P∈In
ψ(P )=1
χ(P )
∣∣∣∣ k + 5n q n2 .
Let Λ be the von Mangoldt function on Fq[X], which is deﬁned as follows: Λ(h) = deg(P ), if h is
a power of the irreducible polynomial P , and is zero otherwise. We also let Λ(1) = 1. Then one can
see that
cn(χ) =
∑
deg(h)=n
Λ(h)χ(h)
where the sum runs over monic polynomials of degree n.
We will encounter character sums, which involve a character χ that is trivial on F∗q , and where
the sums run over polynomials with constant term equal to 1 (not necessarily monic). Estimates
for such character sums follow directly from the estimates of the related sums that run over monic
polynomials. Since our focus will be on Dirichlet characters modulo Xk+1, we state our proposition
accordingly.
Proposition 3.3. Let n,k ∈ N, 1  k  n and let χ = χo be a Dirichlet character modulo Xk+1 , such that
χ(F∗q) = 1.
∣∣∣∣ ∑
deg(h)=n
h0=1
Λ(h)χ(h)
∣∣∣∣ 1+ kq n2 , for n 1, (1)
∣∣∣∣ ∑
P∈Jn
ψ(P )=ε
χ(P )
∣∣∣∣ k + 5n q n2 , for n 2, (2)
where either ε = −1, or ε = 1 and n is odd.
Proof. For Eq. (1), we note that as h runs over the polynomials of degree n with constant term 1,
h/hn runs over the monic polynomials of degree n. Taking into account that χ(F∗q) = 1, we have
∣∣∣∣ ∑
deg(h)=n
h0=1
Λ(h)χ(h)
∣∣∣∣= ∣∣∣∣ ∑
deg(h)=n
h0=1
Λ(h)χ
(
h
hn
)∣∣∣∣= ∣∣∣∣ ∑
deg(h)=n
h monic
Λ(h)χ(h)
∣∣∣∣
and the bound follows from Theorem 3.1. For Eq. (2) the same observation applies, that is, as P runs
over Jn , P/Pn runs over In . Further, for any constant c ∈ F∗q , ψ(c) = 1. The bound in Eq. (2) now
follows from Theorem 3.2. 
4. Weighted sum
Let n,k ∈ N, n  2, 1 k  n and a ∈ Fq . Inspired by Wan’s work [17] we introduce the following
weighted sum:
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∑
h∈τ−1n,k (a)
Λ
(
σn,k,a(h)
) ∑
P∈Jn,ψ(P )=ε
P≡h (mod Xk+1)
1. (3)
It is clear that if wa(n,k) > 0, then there exists some P ∈ Jn such that P ≡ h (mod Xk+1) for some
h ∈Gk , with τn,k(h) = a and ψ(P ) = ε. Then Proposition 2.4 implies that there exists a self-reciprocal,
monic irreducible polynomial Q , of degree n with Qk = a.
Let U be the subgroup of (Fq[X]/Xk+1Fq[X])∗ that contains classes of polynomials with constant
term equal to 1. Then (Fq[X]/Xk+1Fq[X])∗ is the direct sum of U and F∗q . The set Gk−1 is a set
of representatives of U . Further, the group of characters of U consists exactly of those characters of
(Fq[X]/Xk+1Fq[X])∗ that are trivial on Fq , that is, Û = {χ ∈ ̂(Fq[X]/Xk+1Fq[X])∗: χ(F∗q) = 1}. Using
these observations and with the help of the orthogonality relations, Eq. (3) can be rewritten as
wa(n,k) = 1
qk
∑
χ∈Û
∑
P∈Jn
ψ(P )=ε
χ(P )
∑
h∈τ−1n,k (a)
Λ
(
σn,k,a(h)
)
χ¯ (h).
If we denote by g the inverse of f modulo Xk+1, where f as deﬁned in Proposition 2.5, and use
Proposition 2.5, then we obtain
wa(n,k) = 1
qk
∑
χ∈Û
∑
P∈Jn
ψ(P )=ε
χ(P )
∑
h∈τ−1n,k (a)
Λ
(
σn,k,a(h)
)
χ¯
(
σn,k,a(h)g
)
= 1
qk
∑
χ∈Û
∑
P∈Jn
ψ(P )=ε
χ(P )χ¯ (g)
∑
h∈Gk−1
Λ(h)χ¯(h).
Separating the term that corresponds to χo , we have
∣∣∣∣wa(n,k) − πq(n, ε)qk ∑
h∈Gk−1
Λ(h)
∣∣∣∣ 1qk ∑
χ =χo
∣∣∣∣ ∑
P∈Jn
ψ(P )=ε
χ(P )
∣∣∣∣∣∣∣∣ ∑
h∈Gk−1
Λ(h)χ¯(h)
∣∣∣∣,
where πq(n, ε) = #{P ∈ In: ψ(P ) = ε}. It is computed in [1],
πq(n,−1) =
{ 1
2n (q
n − 1), if n = 2s,
1
2n
∑
d|n,d odd μ(d)q
n
d , otherwise.
If n is not a power of 2, we have
∣∣∣∣πq(n,−1) − qn2n
∣∣∣∣ 12n qq − 1q n3 . (4)
Note that the bound remains true in the case that n is a power of 2. If n is even, then ε = −1. If n is
odd then πq(n,−1) = 12n
∑
d|n μ(d)q
n
d = 12πq(n). Since πq(n,−1)+πq(n,1) = πq(n), we conclude that
πq(n,1) = πq(n,−1). Thus, in every case, πq(n, ε) = πq(n,−1). Furthermore,
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h∈Gk−1
Λ(h) =
k−1∑
m=0
∑
deg(h)=m
h0=1
Λ(h) =
k−1∑
m=0
qm = q
k − 1
q − 1 .
Eq. (1) of Proposition 3.3 implies that
∣∣∣∣ ∑
h∈Gk−1
Λ(h)χ¯(h)
∣∣∣∣ 1+ k−1∑
m=1
(
1+ kqm2 )= k q k2 − 1√
q − 1 .
Putting everything together, and using Eq. (2) we have
∣∣∣∣wa(n,k) − qk − 1qk(q − 1)πq(n,−1)
∣∣∣∣ k(k + 5)n (qk − 1)(q
k
2 − 1)q n2
qk(
√
q − 1) . (5)
The following theorem follows directly from this bound.
Theorem 4.1. Let n,k ∈ N, n  2, 1  k  n, and a ∈ Fq. There exists a monic, self-reciprocal irreducible
polynomial Q ∈ Fq[X], of degree n with Qk = a if the following bound holds:
πq(n,−1) k(k + 5)
n
(
√
q + 1)q n+k2 .
Proof. From our previous discussion, it suﬃces to show that wa(n,k) > 0. Eq. (5) implies that a
suﬃcient condition is
qk − 1
qk(q − 1)πq(n,−1) >
k(k + 5)
n
(qk − 1)(q k2 − 1)q n2
qk(
√
q − 1) ,
that is,
πq(n,−1) > k(k + 5)
n
(
√
q + 1)(q k2 − 1)q n2 . (6)
The stated condition follows easily. 
Substituting the bound of Eq. (4) in Theorem 4.1, we obtain the following.
Theorem 4.2. Let n,k ∈ N, n  2, 1  k  n, and a ∈ Fq. There exists a monic, self-reciprocal irreducible
polynomial Q ∈ Fq[X], of degree n with Qk = a if the following bound holds:
q
n−k−1
2  16
5
k(k + 5) + 1
2
.
Proof. From Theorem 4.1 and Eq. (4), we see that a suﬃcient condition is
qn − q q
n
3
 k(k + 5) (√q + 1)q n+k2 .2n q − 1 2n n
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Pairs (q,n) that satisfy Eq. (7).
n 3 4 5 6 7 8 9 10 11 12 13 14
q  149  839  37  59  17  23  11  13  9  9  7  7
n 15 16 17 18 19 20 21 22 23 24 25 26
q  5  7  5  5  5  5  5  5  5  5  3  5
Using the fact that qq−1 
3
2 and
√
q + 1 16
√
q
10 for q 3, we obtain the suﬃcient condition
q
n−k+1
2  16k(k + 5)
5
+ 3
2
q−
n
6− k2− 12 .
Since 32q
− n6− k2+ 12  12 , the condition in the statement follows. 
Remark. As pointed out at the remark after Proposition 2.5 we could have more general results
by choosing an arbitary Fq-linear τ : Gk → Fq , such that τ (Xk) = 0. In this case, if the bounds of
Theorems 4.1 or 4.2 hold, then there exists some P ∈ In , with ψ(P ) = −1 and Pˆ ≡ h mod Xk+1 for
some h ∈ τ−1(a), for any a ∈ Fq .
5. An example
If we content ourselves to any k  n/2, Eq. (6) gives us that there exists a monic irreducible
self-reciprocal polynomial over Fq , where q is a power of an odd prime, of degree 2n with its k-th
coeﬃcient prescribed, if
πq(n,−1) > 
n/2(
n/2 + 5)
n
(
√
q + 1)(q
n/2/2 − 1)qn/2. (7)
With the help of computers (using Maple) we can use Eq. (7) to ﬁnd pairs (q,n) such that if q is
a power of an odd prime and n an integer, then there exists some monic irreducible self-reciprocal
polynomial over Fq of degree 2n such that any of its 
n/2 low degree coeﬃcients is prescribed. Such
pairs are illustrated in Table 1.
Corollary 5.1. If n 3 is an integer and q a power of an odd prime, then there exists a monic irreducible self-
reciprocal polynomial over Fq of degree 2n such that any of its 
n/2 low degree coeﬃcients is prescribed, if
either n 27 or q 839.
Proof. It is clear that if the bound of Theorem 4.2 holds for some qo and k = n/2, then it still holds
for any q qo and 1 k n/2. Also it is not hard to see that
3
n− n2 −1
2  16
5
n
2
(
n
2
+ 5
)
+ 1
2
for all n 27, since the function
g(n) = 3 n−24 − 4
5
n(n + 10) + 1
2
is increasing for n  27 and g(27) > 0. Further, from Table 1, we see that our statement is true for
q 839. 
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